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Classification of Out-of-Plane Swing-By Trajectories

Gislaine de Felipe* and Antonio Fernando Bertachini de Almeida Prado’
National Space Research Institute, 12227-010 Sdo José dos Campos, Brazil

The swing-by maneuver uses a close approach with a celestial body to modify the velocity, energy, and angular
momentum of a spacecraft. The literature has several papers studying this problem, usually using a patched-
conic approximation. In the present paper the swing-by maneuvers are studied and classified under the model
given by the three-dimensional restricted three-body problem. To show the results, the orbits of the spacecraft
are classified in four groups: elliptic direct, elliptic retrograde, hyperbolic direct, and hyperbolic retrograde. Then
the modification in the orbit of the spacecraft caused by the close approach is shown in plots that specify from
which group of orbits the spacecraft is coming and to which group it is going. Several families of orbits are found
and shown in detail. The effect of every parameter involved in this problem is studied individually. The results
generated here have a potential use to solve optimal problems, such as finding trajectories that satisfy some given
constraints (such as achieving an escape or capture) with some parameters being extremized (position, velocity,
etc.). Two optimal problems are solved in this paper to show this application.
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r = distance of the spacecraft from M,

Vine = velocity at infinite

v, = velocity of the spacecraft at periapse

Viis Vyin Vo = initial velocity of the spacecraft

V, = linear velocity of M,

X, Y, Z; = initial position of the spacecraft

X, ¥, 2 = position of the spacecraft

X1, Y1 = position of M,

X2, V2 = position of M,

o = angle specified in Fig. 1

B = out-of-plane angle (see Fig. 1)

y = angle between the velocity vector and the
x—y plane

AC = variation in angular momentum

AE = variation in energy

AV = variation in velocity

8 = half of the deflection angle

I = gravitational parameter

o = gravitational parameter of M,

10} = angular velocity of the primaries

Introduction

HE swing-by maneuveris a very popular techniqueused to de-
crease fuel expenditure in space missions. The most usual ap-
proach to study this problemis to divide the problemin three phases
dominated by the two-body celestial mechanics. Other models

Received 11 March 1998; revision received 16 March 1999; accepted for
publication 16 April 1999. Copyright © 1999 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

*Post Graduate Student; gislaine@dem.inpe.br.

TResearch Engineer, Space Mechanics and Control Division; prado@
dem.inpe.br. Senior Member ATAA.

643

used to study this problem are the circular restricted three-body
problem!~* and the elliptic restricted three-body problem.*

In the present paper the swing-by maneuvers are studied and
classified under the model given by the three-dimensional circular
restrictedthree-body problem. The assumptionis made that the sys-
tem is formed by two main bodies that are in circular orbits around
their center of mass and a massless third body that is moving under
the gravitational attraction of the two primaries.

The goal is to simulate a large variety of initial conditions for
those orbits and classify them according to the effects caused by
the close approach in the orbit of the spacecraft. This swing-by is
assumed to be performed around the secondary body of the system.
Special attentionis given to identify the regions where the captures
and escapes occur.

Among the several sets of initial conditions that can be used to
identify uniquely one swing-by trajectory, a modified version of
the set used in Refs. 1-3 is used here. The version is composed of
the following four variables: 1) v, the velocity of the spacecraftat
periapse of the orbit around the secondary body; 2) two angles «
and B that specify the direction of the periapse of the trajectory of
the spacecraft around M, in a three-dimensional space; and 3) r,,,
the distance from the spacecraft to the center of M, in the moment
of the closest approach to M, (periapse distance).

For a large number of values of these three variables, the equa-
tions of motion are integrated numerically forward and backward
in time until the spacecraftis at a distance that can be considered
far enough from M,. It is necessary to integrate in both directions
of time because the set of initial conditions used gives information
about the spacecraftexactly at the moment of the closest approach.
At these two points the effect of M, can be neglected and the sys-
tem formed by M, and the spacecraftcan be considered a two-body
system. At these two points two-body celestial mechanics formu-
las are valid to compute the energy and the angular momentum
before and after the close approach. With those results the orbits
are classified in four categories: elliptic direct (negative energy and
positive angular momentum), elliptic retrograde (negative energy
and angular momentum), hyperbolic direct (positive energy and an-
gular momentum), and hyperbolic retrograde (positive energy and
negative angular momentum). Then, the problem is to identify the
category of the orbit of the spacecraft before and after the close
encounter with M,. After that those results are used to identify up
to 16 classes of transfers, accordingly to the changes in the category
of the orbit caused by the close encounter. They are named with the
first 16 letters of the alphabet.

Using a large number of simulations, it is possible to understand
the influence of each parameter and improve our understanding of
this problem. Also, several optimal problems involving this maneu-
ver can be formulated and solved with the help of the plots shown.
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Some examples include finding specific types of orbits (escape,
capture, etc.) that have maximum or minimum velocity at periapsis
(or any other parameters, such as the distance of the periapsis or
the angle of approach). A section of this paper shows some of the
possibilities.

Several papers were written in the past on this subject. References
5-7 are among the most interesting ones.

Swing-By in Three Dimensions

The three dimensional swing-by maneuver consists of using a
close encounter with a celestial body to change the velocity, energy,
and angular momentum of a smaller body (a comet or a spacecraft).
This maneuver can be identified by four independent parameters:

1) v, is the magnitude of the velocity of the spacecraftat periapse.
For the most general case, one would need to give informationabout
the direction of the velocity. In this paper only velocities parallel to
the x—y plane are consideredwith the exeptionof a sectionin the end
of the paper that generalizes this initial condition. This constraint
is assumed because it is the most usual situation in interplanetary
researchand becausethe planets have orbitsthatare almostcoplanar.
Under this approximation, and taking into account that velocity at
periapse is perpendicular to the periapse vector, the information
about the magnitude of the velocity is enough to completely specify
the velocity vector.

2) r, is the distance between the spacecraftand the celestialbody
during the closest approach.

3) « is the angle between the projection of the periapseline in the
x—y plane and the line that connects the two primaries.

4) B is the angle between the periapse line and the x—y plane.

Figure 1 shows the sequence for this maneuver and some of those
and other important variables.

The assumption is made that the system has three bodies: a pri-
mary M, and a secondary M, body with finite masses that are in
circular orbits around their common center of mass and a third body
with negligible mass (the spacecraft) that has its motion governed
by the two other bodies. The spacecraftleaves the point A, passesby
the point P (the periapsisof the trajectory of the spacecraftin its orbit
around M, ), and goes to the point B. The points A and B are chosen
in a such way that the influence of M, at those two points can be
neglected, and, consequently, the energy can be assumed to remain
constant after B and before A (the system follows the two-body
celestial mechanics). The initial conditions are clearly identified in
Fig. 1: the perigee distancer, (distance measured between the point
P and the center of M,), the angles o and 8, and the velocity v,,. The
distance r, is not to scale, to make the figure easier to understand.
The result of this maneuveris a change in velocity, energy, and an-
gular momentum in the Keplerian orbit of the spacecraftaround the
central body. Using the patched conic approximation, the equations
that quantify those changes are available in the literature.! Under
this approximationthe maneuveris consideredas composed of three
parts, where each of those systems are governed by the two-body
celestial mechanics. The first system describes the motion of the
spacecraft around the primary body before the close encounter (the
secondary body is neglected). When the spacecraftcomes close to
the secondarybody, the primary is neglected,and a second two-body
system is formed by the spacecraft and the secondary body. After

Fig.1 Swing-by in the three-di-
mensional space.

the close encounter the spacecraftleaves the secondary body, and it
goes to an orbit around the primary body again. Then, the secondary
is neglected one more time. One of the best descriptions of this ma-
neuver and the derivation of the equations involved is available in
Ref. 1. The most important equations for the planar maneuver are
reproduced next.

V2
s=sin |1/ (14 (1)
125
AV =2V, siné @)
AE = wAC = —2V,V,;siné sina 3)

In those equations § is half of the total deflection angle of the
trajectory of the spacecraft, V, is the linear velocity of M, in its
motion around the center of mass of the system M;-M,, and u,
is the gravitational parameter of M,. From those equations it is
possible to get the fundamental well-known results:

1) The variation in energy AE is equal to the variation in angu-
lar momentum multiplied by the angular velocity of the primaries
(wAC) [Eq. 3)].

2) If the flyby is in front of the secondary body, there is a loss of
energy. This loss has a maximum at « =90 deg.

3) If the flyby is behind the secondary body, there is a gain of
energy. This gain has a maximum at o« =270 deg.

Equations (1-3) use Vi, as a parameter. Later in this paper the
variable v, will be used. The fact is that both parameters are equiv-
alent because the orbit around M, is considered Keplerian (hyper-
bolic) in the approximation used to derive those equations (patched
conics). They are related by the expression

Var=v, — Qu/r,)

There are many publications studying the standard swing-by ma-
neuver in different missions. Some examples are as follows: the
study of missions to the satellites of the giant planets ® new missions
to Neptune®’ and Pluto,'? the study of the Earth’s environment,' -2
fast reconnaissance missions of the solar system,'*>!* transfers be-
tween hyperbolic asymptotes,!>!® etc.

Three-Dimensional Circular Restricted Problem

For the research performed in this paper, the equations of motion
for the spacecraft are assumed to be the ones valid for the well-
known three-dimensional restricted circular three-body problem.
The standarddimensionlesscanonicalsystemof unitsis used, which
implies that the unit of distance is the distance between M| and
M,; the mean angular velocity w of the motion of M, and M, is
assumed to be one; the mass of the smaller primary M, is given by
W =my/(m; + m,), where m, and m, are the real masses of M, and
M,, respectively;and the mass of M, is (1 — w); and the unit of time
is defined such that the period of the motion of the two primaries is
2 and the gravitational constant is one.

There are several systems of referencethatcanbe used to describe
the three-dimensionalrestricted three-body problem.!” In this paper
the rotating system is used.

In the rotating system of reference, the originis the center of mass
of the two massive primaries. The horizontal axis x is the line that
connects the two primaries at any time. It rotates with a variable
angular velocity in a such way that the two massive primaries are
always on this axis. The vertical axis y is perpendicularto the x axis.
Inthissystemthe positionsofthe primariesarex; = —pu,x; =1 — u,
and y; =y, =0.

In this system the equations of motion for the massless particle
are the following!”:

x-zy‘=x—(1—u)x:r3u—ux_,l3+u @
1 2

JH2t=y—A=-w(y/r})—n(y/r}) )

i=—(-w(/r) - nlz/r3) ©

where r; and r, are the distances from M; and M,.
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Algorithm to Solve the Problem

A numerical algorithm to solve the problem has the following
steps:

1) Arbitrary values for the three parameters r,,, v,, @ and § are
given.

2) With these values the initial conditions in the rotating system
are computed. The initial position is the point (X;, Y;, Z;) and the
initial velocity is (Vy;, Vy;, V), where

X; =1—p+r,cos(B) cos(a) 7

Y, = r, cos(B) sin(cr) ®)

Z; = r, sin(B) 9

Vy: = —v,, sin(@) + r, cos(B) sin(a) (10)
Vy; = v, cos(a) — r, cos(B) cos(c) (11)
V=0 (12)

where the last equation comes from the decision of studying the
maneuvers with v, parallel to the orbital plane of the primaries.

3) With these initial conditions the equations of motion are in-
tegrated forward in time until the distance between M, and the
spacecraft is larger than a specified limit d. At this point the nu-
merical integration is stopped, and the energy E, and the angular
momentum C, after the encounter are calculated.

4) Then, the particle goes back to its initial conditions at the point
P, and the equations of motion are integrated backward in time until
the distance d is reached again. Then the energy E_ and the angular
momentum C_ before the encounter are calculated.

For all of the simulations shown, a fourth-order Runge—Kutta
method with step-size control and a Runge—Kutta of eighth order
were used for numerical integration. The result of this comparison
is that there is no distinction in the plots obtained. The constant
value for the Jacobian constant also is a proof that both numerical
integrationmethods worked very well. The criteriato stop numerical
integrationis the distance between the spacecraftand M,. When this
distancereaches the value d = 0.5 (half of the semimajor axis of the
two primaries), the numerical integration is stopped. The value 0.5
is a lot larger than the sphere of influence of M, for the Earth-moon
system that is used here (which is 0.00077 in canonicalunits), which
avoidsany importanteffectsof M, at these points. Simulationsusing
larger values for this distance were performed that increased the
integrationtime but did notsignificantly changethe results. To study
the effectsof numericalaccuracy,several cases were simulated using
differentintegrationmethodsand/or differentvaluesfortheaccuracy
required with no effects in the results. All of the calculations were
performed with an IBM-PC computer (Pentium 233MHz) using the
Microsoft Fortran Power Station 4.0 Compiler.

With this algorithm available the given initial conditions (values
of r,, v, a, B) are varied in any desired range, and the effects of
the close approach in the orbit of the spacecraft are studied.

Classification of the Orbits

The main results consist of plots that show the change of the or-
bit of the spacecraft caused by the close encounter with M,. The
Earth-moon system of primaries is used because it has many po-
tential applications. Any mission using a swing-by with the moon
can use those results, like missions to the moon using gravitational
capture or mission to geosynchronousorbit using the concept used
by the salvage of the mission. First of all, one needs to classify all
of the close encounters between M, and the spacecraft, according
to the change obtained in the orbit of the spacecraft. The letters
A-P are used for this classification. They are assigned to the orbits
according to the rules showed in Table 1.

With those rules defined, the results consist of assigning one of
those letters to a position in a two-dimensional diagram that has
the angle « (in degrees) in the horizontal axis and the angle g8 (in
degrees) in the vertical axis. One plot is made for every value of
r, and v,. This type of diagram is called here a letter-plotand was
used before in Ref. 1.

Table 1 Rules to assign letters to orbits

After
Direct  Retrograde Direct Retrograde
Before ellipse ellipse hyperbola  hyperbola
Direct ellipse A E 1 M
Retrograde ellipse B F J N
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Fig.2 Simulations for r, =0.00476.

In the present paper 12 combinationsr, and v, are simulated and
six of them are shown in Figs. 2 and 3. The plot for r, =0.00476
and v, =2.2 is omitted here because of the large number of cap-
tures by M, that occur. The plots for r, = 0.00675 are omitted here
to save space because they are similar to the other cases. For all plots
the following parameters are used: £ =0.0121 and d =0.5, all in
canonical units. For each plot a total of 961 trajectories were gener-
ated, dividing each axis in 31 segments. The interval plotted for « is
180 <« <360 deg because there is a symmetry with respectto the
vertical line « = 180 deg. The plot for the interval 0 < o < 180 deg
is a mirror image of the region 180 < o < 360 deg with the follow-
ing letter substitutions: L. becomes O, N becomes H, I becomes C,
B becomes E, M becomes D, and J becomes G. The letters K, P, F,
and A remain unchanged.

By examining Figs. 2 and 3, it is possible to identify the following
families of orbits: 1) orbits that result in an escape (transfer from
elliptic to hyperbolic), that are represented by the letters I, J, M,
N, and that appear between the center (8 =0 deg) and the bottom
part of some of the plots (the ones for lower velocities); 2) orbits
that resultin a capture (transfer from hyperbolic to elliptic), that are
represented by the letters C, D, G, H, and that do not appear in the
plots shown in this paper (but exist in the symmetric part not shown
here); 3) elliptic orbits (transfer from elliptic to elliptic) that are
represented by the letters A, B, E, F, and that appear at the bottom
of some of the plots (the ones for lower velocities); 4) hyperbolic



646 DE FELIPE AND PRADO

B (Degrees)
Q
B (Degrees)

50 F 90
180 270 360 180 2/0 360
O (Degrees) O (Degrees)
Vp=2.2 Ve=2.6
S0
g
o]
&
a
==L
90
180 270 360
O, (Degrees)
Ve=3.0

Fig.3 Simulations for r, =0.009.

orbits (transfer from hyperbolic to hyperbolic) that are represented
by the letters K, L, O, P and that appears at the upper part of the
plots, and thatare the only families available for higher velocities;5)
orbits that change the direction of motion from direct to retrograde
that are represented by the letters E, M, G, O, and that do not appear
in the plots shown in this paper (but exist in the symmetric part
not shown here); 6) orbits that change the direction of motion from
retrograde to direct, that are represented by the letters B, D, J, L,
and that appear in the lower center of the plot; 7) retrograde orbits
that are represented by the letters F, H, N, P and that appear in the
majority of the bottom part of the plots; and 8) direct orbits that are
represented by the letters A, C, I, K that appear in the top of the
plots.

The border lines between those families are also interesting fam-
ilies of orbits. The borders that separate elliptic from hyperbolic
orbits are made by parabolic orbits. Examples of borders that have
parabolic orbits after the close approach are A-I, B-J, F-N, F-J, and
F-P. Examples of borders that have parabolic orbits before the close
approachare I-K, J-L, N-P, K-A, K-J, and F-P. There is a border that
is made by parabolic orbits before and after the close approach.Itis
the border P-F that appears, for example, in the case r, = 0.009 and
v, = 2.6. The borders that separate direct from retrograde orbits are
made of orbits with zero angular momentum, which means that the
vectors position and velocity are parallel (rectilinear orbits). Exam-
ples of borders that have zero angular momentum after the close
approach are F-B, N-J, L-P, P-K, N-L, and F-A. Examples of bor-
ders that have zero angular momentum before the close approach
are K-L, I-J, A-B, K-P, and K-J. Following those examples, one can
see those families looking at the figures.

The goal of this research is to provide a generic study of those
trajectories, using the position and velocity of the spacecraftduring
the moment of the close approach as parameters to be varied in a
wide range of values. Figures 2 and 3 shows plots with r, = 0.00476
(100 km above the surface of the moon) and r, =0.009 (3500 km
above the surface of the moon). Some of the important points to
note in the figures are that 1) positive values of 8 are dominated by
the family K in all cases (hyperbolic orbits), while negative values
accommodate a large variety of families; 2) for a fixed value of 7,

the increase of the velocity reduces the number of families, which
has a tendency to be formed by the families K, L, and P (hyperbolic
orbits) exclusively; and 3) when r » increases the minimum velocity
required for this to happen also increases.

The Jacobi constant was calculated for all of the trajectories in-
volved. Among the several forms available in the literature, the
expression

v:or+y) d-w on
2 2 r r?

J =

was used. Each point in the plots shown represents one trajectory
and has its own value for the Jacobi constant. The ranges of values
are —0.6378 < J < 1.7621 for Figs. 2 and 3.

Trends as Parameters Vary

The restricted three-body problem has very few analytical results
availablein the literature. One of the best alternativesfor improving
the knowledge of this problemis to combine numerical simulations
with the analyticalresults that come from the patched-conicapprox-
imation. In this section those tools are used to study the trends as
parameters vary in the close approach maneuver.

The parameters that govern the system under study are the peri-
apsis distance r,,, the velocity at periapsis v,,, and the angles « and
B that define the position of the periapsis in the three-dimensional
space.

Effects of the Angle of Approach r,

The behavior of the angle of approach « follows very closely!
the prediction of the patched-conic approximation. The maximum
effectin the maneuveroccursclosetoa =270deg (and @ = 90 deg).
The most interesting trajectories (captures and escapes) are in those
regions. Close to the borders of the plots (¢ = 180 and 360 deg),
there are only trajectories with little or no effects from the swing-by
(elliptic-elliptic and hyperbolic-hyperbolic). The angle « also has
an influence on the definition of the type of the orbit. Following a
line of constant B (so all of the parameters are fixed, except ), the
initial orbit is not of the same type.

Effects of the Periapsis Distance r,

The effect of the periapsis distance is also very easy to under-
stand. When this parameter decreases, the effects in the maneu-
ver increase, and the area of interesting orbits (capturesfescapes)
becomes larger. Conversely, increasing the periapsis distance in-
creases the area of trivial trajectories (elliptic—elliptic, hyperbolic—
hyperbolic,etc.). Several simulations(not shown here, to save space)
were performed and confirmed this prediction.

Effects of the Periapsis Velocity

The velocity at periapsis plays an importantrole in this maneuver.
The limits for this variable come in a very natural way. If values
above an upper limit are used, the AE increases [see Eq. (3)], but
the orbit before and after the maneuver becomes hyperbolic and
the families K, P, and L dominate the plots. Those limits change
from situation to situation, but in general they are close to 2.20 in
the lower side and 3.40 in the upper side. For values slightly above
the lower limit, the orbits are usually elliptic before and/or after the
maneuver, as the families A, B, F, J, and I that dominate the bottom
part of the plots. There is a minimum value for this velocity that
allows a change in the sign of the angular momentum.

Effects of the Out-of-Plane Angle 3

The study of the effects of the out-of-plane angle $ is one of
the main goals of this paper. To study this effect, one must look at
vertical lines in the plots because they represent the places where
all of the other parameters are fixed.

For values for the velocity close to the upper limit used in this
paper, the analysis of the effect of 8 becomes very simple. The
only three families available are K, L, and P, and they are strongly
dependenton S. Itis formed by hyperbolicorbitsbefore and after the
close encounter. The effectof 8 can be summarized in the following
way: 1)if 8 > 0, itimplies that there is a direct orbit before and after
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Fig. 4 Results for delta inclination.

the maneuver (family K); 2) if 8 is approximately between zero and
—30deg, the swing-by will changethe orbitfromretrogradeto direct
orbits; and 3) if B is less than approximately —30 deg, this implies
that the orbitis retrograde before and after the approach. This result
is expected because trajectories close to the poles (8 = +90 deg)
have a small effect in changing direction.

Effects on the Inclination

An interesting question that appears in this problem is what hap-
pens to the inclination of the spacecraft because of the close ap-
proach. To investigate this fact, the inclinations of the trajectories
were calculated before and after the closest approach. To obtain the
inclinations, the equationcos(i) = C,/C is used, where C, is the Z
componentof the angularmomentum and C is the total angularmo-
mentum. Figure 4 shows the results for the case given by the initial
conditions v, =2.6, r, =0.00476, and  =0.0121. The horizontal
axisrepresentsthe angle o, and the vertical axis represents the angle
B. The variation in inclination is shown in the contour plots. All of
the angles are expressed in degrees.

Several conclusionscome fromthoseresults. The mostinteresting
ones are the following:

1) When 8 = 0 deg (planar maneuver), the variationin inclination
can have only three possible values: 180 deg, for a maneuver that
reverse the sense of its motion, or 0 deg for maneuver that does not
reverse its motion. Those numerical results agree with the physical
model because f =0 deg implies a planar maneuver that does not
allow values for the inclination other than 0 or 180 deg. This is
clearly shown in the figures, following the line 8 = 0 deg. The plots
are divided in two parts: one with Ai = £180 deg, and the other one
with Ai =0 deg.

2)Lookingat any verticalline (a line of constante), it is clear that
the change in inclination goes to zero at the poles (8 =£90 deg).
Then, in the case where Ai ==£180 deg the change in inclina-
tion starts at zero in B = —90 deg, increases in magnitude un-
til B =0 deg, and then it starts decreasing again until zero when
B =90 deg is reached. When Ai =0 deg for 8§ =0 deg, the be-
havior of Ai oscillates with two maximum for the magnitude (one
in the interval —90 deg < B8 < 0 deg) and the other in the interval
0 deg < B <90 deg) and three zeros at 8 =—90, 0, 90 deg. Clearly
the variation in inclinationis symmetric with respect to the angle
(+B and —B generate the same Ai).

3) When 8 = +£90 deg, the variation in inclination is zero, which
means that passage by the poles with the velocity parallel to the x—y
plane (this restriction will be changed later, but it is valid at this
point) keeps the inclination of the trajectory unchanged.

4) When o =0 or 180 deg, there is no change in the inclina-
tion, which is in agreement with the fact that a maneuver with this
geometry does not change the trajectory at all. Looking at any hor-
izontal line (a line of constant B), this curve has a maximum in the
magnitude of Ai somewhere between the two fixed zeroes at o« =0
and 180 deg.

Effects of the Out-of-Plane Velocity at Periapsis

In this section a generalizationis made to the velocity at periapis
to allow an out-of-planecomponent. To perform this study, an angle
y is added to the geometry. This angle is measured between the
velocity at periapse and the x—y plane. Then, the initial conditions
for the velocity [Egs. (10-12)] change to

Vxi = —v, sin(y) sin(B) cos(a) — v, cos(y) sin(x)
+r, cos(B) sin(a) (13)

Vyi = —v,, sin(y) sin(B) sin(a) + v, cos(y) cos(a)

—r, cos(B) cos(a) (14)
Vzi =v, cos(B) sin)(y) (15)
The initial conditions for the positions [Egs. (7-9)] remain un-
changed.

To study the influence of this angle in the maneuver, the varia-
tions in energy and angular momentum were calculated and plotted
in Fig. 5 as a function of y. The variation in inclination is shown
in Fig. 6. The numerical conditions for this plots are « =20 deg,
B =0 deg, and u=0.0121. Simulations with other values were
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made with similar results, but are not shown here because of the
limitation of space. The results show that this angle plays a very
important rule in the maneuver. The variation in energy has a max-
imum for y =180 deg and minimum in y =0 and 360 deg. The
variation in inclination has a simmetry line in y = 180 deg. There
are two maximums close to y =150 and 210 deg.

Optimal Problems

The results generated in this research can be used to help mission
designersplan missionsthatinvolve optimizationof parameters.Itis
possibleto use the plots made here to find situations where a specific
case (represented by the letters A—P) can be obtained with one or
more variables (like v, or r,,) extremized. Examples of situations
like that are 1) finding a trajectory N (a retrograde ellipse before the
swing-by and a retrograde hyperbola after that) that has a fixed r,
and that minimizes the parameter v,; 2) finding a trajectory E, F,
G, or H (a retrograde ellipse after the swing-by) that has a fixed r,,
and that maximizes the parameter v,,; and 3) finding a trajectory of
type L (retrograde hyperbolabefore and a direct hyperbola after the
swing-by) thathasr, and v, fixed and thatextremizesthe parameters
o or .

The parameters v, and r, are important parameters to be ex-
tremized. If the goal of the mission is to collect data from M,, it
is interesting to minimize r,, (to get closer to M) and v, (to stay
closer to M,). On the other hand, if M, is necessary to be used to
change the trajectory of the spacecraftbut it representsa risk to the
vehicle because of the presence of an atmosphere and/or radiation,
one needs to maximize r, and/or v,, subject to the restriction of
obtaining the desired change in the trajectory. To use a real case as
an example, the Earth-moon system is used to solve the two sample
problems that are described next.

Problem 1

We want to obtain a trajectory of type J (a retrograde ellipse be-
fore the swing-by and a direct hyperbola after) in the Earth-moon
system, subject to the constraints r, =0.00476 (100 km above the
surface) and requiring that the velocity at periapsis be a maximum.
By examining Fig. 2, one can to see that the trajectory type J appears
for v, = 3.0, but does not appear for v, = 3.4. The solutionis some-
where in the interval 3.0 < v, < 3.4.To find the solution, plots were
made for several values of v, in this interval. Figure 7 shows two
plots of this sequence. The solution to this problemis v, =3.15 be-
cause for V, =3.16 J does not occur anymore. The complete values
for the set of variables are « =270 deg and B = —42 deg.

Problem 2

We want to find a trajectory of type N (a retrogradeescape) in the
Earth-moon system, subject to the constraints v, = 3.0 and requir-
ing thatr, is maximized. By examining Figs. 2 to 3, one can see that
the trajectory type N, in the case v, = 3.0, appears for r, = 0.00476
and r, = 0.00675, but does not appear for r, = 0.009. The solution
isin the interval 0.00675 < r, < 0.009. Figure 8 shows two plots of
the sequence made to find the solution. The solution to this problem
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Fig.7 Plots to solve problem 1.
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Fig. 8 Plots to solve problem 2.

isr, =0.0075234375. The complete values for the set of variables

are ¢ =270 deg and B =—78 deg. This information constitutes a
set of initial conditions that allows the mission planner to design the
trajectory.

Several improvements can be made in this study, including the
following: 1) more plots can be generated to get more accuracy
for the data, in particular in the solutions of the optimal problems;
2) many other types of optimization problems can be solved, com-
bining different constraints and/or variable to be extremized; and
3) others systems than the Earth-moon can be used.

Conclusions

In this paper the three-dimensionalrestricted three-body problem
isdescribedand used to study the swing-by maneuver. Several letter-
plot types of graphics are made to represent the effect of a close
approach in the orbit of a spacecraft. In particular, the effects of the
thirddimensionin this maneuverare studied. We have shown that the
hyperbolic orbits (family K) dominate the region of positive 8 and
that when the velocity increases, the families K, L, and P dominate
the plots. Families with particularities,like parabolicor zero angular
momentum orbits,are shown to existin the bordersbetween the main
families. In general, one can clearly see that the third dimension of
the maneuver plays a very important role in the problem under
investigation. To make this research more adequate for practical
applications, the results available here were used in two topics: 1) a
study of the trends as parameters vary to show the effects of the
angle of approach, periapse distance, periapse velocity, and out-of-
plane angle; and 2) the solution of optimal problems, such as finding
specific trajectories (escape, capture, etc.) that have constraints in
some variable and that extremize some others, like the periapse
distance and/or the velocity at the periapse. After that the effects of
the close approach in the inclination of the spacecraft are studied,
and the results show several particularities, like =0 deg allows
only 180 and 0 deg for Ai and 8 =390 deg or « =0 or 180 deg
implies Ai =0 deg. The effects of an out-of-plane component for
the velocity at periapse were also studied, and its importance was
shown, changing the values for the variation in inclination, energy,
and angularmomentum, as describedin the plots shown. In this way
this research can be used by mission designers to obtain specific
mission goals.
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